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Spatio-temporal instability in free ultra-thin films

G. A. SHUGAI * and P. A. YAKUBENKO

ABSTRACT. — The linear evolution of an initially localized disturbance is investigated for a free ultra-thin film of viscous liquid, which is
subjected to capillary and long range intermolecular forces. The analysis is based on the long-wave model proposed by Erneux and Davis (1993,
Phys. Fluids A, 5, 1117), which is reformulated in an equivalent form by means of the disjoining pressure approach. A negative disjoining
pressure due to the van der Waals attraction strongly promotes instability. Both the growth rate along rays z = Ut and speed of the disturbance
edges increase as the thickness of the undisturbed film decreases. The estimated film rupture time is larger than that found from linear temporal
stability analysis. © Elsevier, Paris.
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1. Introduction

Two different approaches are commonly used in continuum theory of ultra thin films (10-100 nm). The first
one takes into account the details of long-range intermolecular interactions within the film. Two additional
terms may then appear in the equations of motion: the gradient of the van der Waals potential that models the
long-range molecular forces (Dzyaloshinskii and Pitaevskii, 1960), and the divergence of the Maxwell stress
tensor that represents the electric double-layer repulsion (Felderhof, 1968).

The other simpler approach involves the disjoining pressure concept (Deryagin, 1956). The flow is then
governed by the Navier-Stokes equations without any additional terms. Every type of interaction is accounted
for completely via the disjoining pressure term in the boundary conditions at the film surfaces. In long-wave
theories, both approaches lead to the same result, at least to leading order if applied properly (Maldarelli
et al., 1980).

If the van der Waals attraction dominates the double-layer repulsion, the film is unstable. The instability
leads to rupture of the film. Linear temporal stability analysis of the flow was performed by Rukenstein and
Jain (1974); it was based on the long-wave asymptotic expansion of the Navier-Stokes equations with an extra
term due to the van der Waals attraction (see also Maldarelli and Jain, 1988, for a review). Using a similar
approach, Erneux and Davis (1993), hereafter referred to as ED, derived a pair of non-linear evolution equations
that describe the development of long-wave disturbances. Using further simplifications of these equations, ED
and Sharma er al. (1995) have performed a weakly non-linear analysis. The latter authors have also studied
numerically the fully non-linear development of spatially periodic long-wave disturbances. De Wit et al. (1994)
have extended the analysis by taking into account insoluble surfactants.

In reality, disturbances are often wave packets localized in space rather than monochromatic waves prescribed
by the temporal stability approach. The present linear analysis is a first step in the study of the evolution
of wave packets in ultra thin films. It is based on the long-wave approximation suggested by ED. However,
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their evolution equations are rewritten in an equivalent form by introducing the disjoining pressure instead of
the van der Waals potential.

Difterent stages in the linear spatio-temporal stability analysis of moving “thick” free liquid sheets have been
considered by Lin (1981), Lin et al. (1990), Li and Tankin (1991), and Li (1993), among others. Most recently,
De Luca and Costa (1997) have analyzed the global stability of a spatially developing sheet. A full-scale
numerical modelling of spatio-temporal instabilty in a film flowing down a wall was recently performed by
Ramaswamy er al. (1996). An account of earlier results is contained in the review by Chang (1994).

2. Basic equations

The film is analyzed as a free two-dimensional sheet of Newtonian viscous liquid. The thickness of the
undisturbed film is small enough that the long range intermolecular forces are not negligible, yet it is large
enough that a continuum theory can be used. The effects of gravity and surrounding medium are assumed
to be negligible.

The length scales in the longitudinal (x) and normal (i) directions are chosen as

2. L,=c"p?0™h Ly = /)1/20_1.

in which p is the liquid density, » is kinematic viscosity, and o is the surface tension. Furthermore, the thickness
of the undisturbed film is assumed to be of order L, and the typical wavelength of disturbances is of order
L..1fe¢=L,/L, < 1, the long-wave approach can be used.

Since the undisturbed film is motionless, the following scales are used tor velocities in the 1~ and y-directions.
respectively:

— ] —_— r I ] —
(2.2) V, =" e, V,y=c"" s,

in which (0 < « < 2. Dimensionless variables are introduced as

(2.3) v =x" L7,

Loy=ytLt =V

(2.4) h = }L*L;1, w=u"V7l o= 'U*Vy_l. p=7p" (V)L

in which starred symbols stand for corresponding dimensional variables, and % is the film thickness.
The following series expansions are applied:

X

(2.5) {u.v.p. h} = Z gl2=an {’U,j. Vi Py, fuj }

J=0

Two coupled equations that involve only hy and w; can be derived from the Navier-Stokes equations (see
Appendix). One of these equations is

ohy 0
(2.6) o

— (uphy) = 0.
ot or (uoho)
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Two different cases occur for the other equation:
If « = 0, it takes the form

2.7

Jug ~ Ouy  dl ; dhg 1 Phy 4 0 ( ('}ug)
ox /)’

A T S e g 2 R Y, Y
or T =M 5 Y e e\ g

in which IT (k) is the disjoining pressure, which is made dimensionless by pV?2. If the disjoining pressure can
be related to the van der Waals potential only, equations (2.6) and (2.7) are similar to those obtained by ED.
Without the disjoining pressure term, they are also known as the Trouton model (e.g. Howell, 1996).

If «« > 0, (2.7) is replaced by

B’IL[] OU() dlIl OIL(J
w—— = —(ho)5—

(2.8) ot dx  dh o

Equations (2.6) and (2.8) are similar to the shallow water equations.

The most important feature of the above approximation is that both the velocity and pressure are constant
across the film. As a consequence, only symmetric disturbances (or squeezing modes) can be investigated (for
more details, see Appendix). This restriction is a disadvantage of the present model because antisymmetric
disturbances (or stretching modes) can promote the evolution of squeezing modes, even if they do not lead directly
to the film rupture. Actually, if the film is being stretched significantly, its thickness decreases due to the mass
balance. Smaller thickness of the film in its turn implies increasing of the van der Waals attraction. Furthermore,
if stretching disturbances have sufficiently small wavelength and large amplitudes, the film thickness can be
non-uniform, which leads to a non-uniform distribution of the disjoining pressure thus providing a possibility
of the squeezing modes excitation.

3. Stability analysis

The total flow is decomposed into

3.1 ho=H+H, w=1,

in which /" and «' are disturbances, and the thickness of the undisturbed film H is made dimensionless by .
If the amplitudes of the disturbances are small, (2.6) and (2.7) can be linearized as follows:

R ou'
3.2 —— 4+ H— =0,
(3.2) ot + ox

o’ o' 19%H 9!

33 i S Z
(3-3) ot 7(‘).1: + 2 dz3 + Ox?’
in which

dlly
34 = —(H).
(3-4) K dh (H)
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If the disturbances are normal modes of the form
(3.5) A = hexp (ikx —iwt), ' = dexp (ika — iwt),

in which h and 7 are constant amplitudes, then (3.2) and (3.3) yield the dispersion relation
5. 5 11 ;
(3.6) D(k,w) = (w + 2ik?)* — k* 5 (H-8)k* —~H| =0.

If v =0, (3.6) is similar to the dispersion relation of Lin (1981) for symmetric disturbances in a thick liquid
sheet. For v < 0, no instability occurs. Thus, only the case v > 0 is investigated.

If (2.8) is used instead of (2.7), then (3.3) is replaced by

o’ on

If v <0, (3.2) and (3.7) are similar to the linearized shallow-water equations. The dispersion relation is

3.8) w? = —'ka:Z.

If v > 0, it does not satisfy causality. For v < 0, it indicates no instability. Therefore, one needs not to
consider this case further.

3.1. TEMPORAL NORMAL MODE INSTABILITY
Dispersion relation (3.6) yields two temporal branches
1/2

. 1 .
(3.9) wig (k) = —2ik* + 5(H - 8)kt — yHE?

Because of symmetry, one needs to consider Re(k) > 0 only in the temporal stability analysis. Furthermore,
only one of the branches, say wi(k), can have values with positive imaginary parts for real wavenumbers. The
range of unstable wavenumbers is the single interval

(3.10) 0< k< (29)%

Thus, any disturbance with a sufficiently short wavelength decays in time, and the temporal stability analysis is
compatible with the long-wave assumption. The maximum temporal growth rate is

vH
3.11 Gy = ¢ I k)} = ,
( : ‘ 0<k§1((;§)1/2 {Tmfer (k)]} V2(HY? +22)

which is reached for

. 1/2
’YHI/Z
3.12 ko= —r—— .
(3.12) 0 (H1/2+2\/§
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The film life time 7" can be estimated from

1
(3.13) |B! (z,T)| = SH
Equations (3.11) and (3.13) give
(3.14) |1 (z,1)| = |hlexp(Got),
1 |
(3.15) T =Gy log (—2—H|h| )

3.2. DEVELOPMENT OF LOCALIZED DISTURBANCES

A small disturbance is produced at ¢+ = 0 in the form of finite integrable functions «'(z,0) and A/(z,0). The
solution of (3.2) and (3.3) can then be expressed as the double Fourier integrals

1 too @ (k,w)exp(ikz — iwt)
! . 3
(3.16) h(z,t) = ol /C Dk, ) dwdk,
1 T W (k,w)exp(ikz — iwt)
/ . )
3.17) u(z,t) = ol /C Dk.w) dwdk,

in which the integration contour C' in the complex w plane is a horizontal line that is located above all the
singularities of the integrand, D(k,w) is given by the dispersion relation (3.6), and

(3.18) (k,w) = i(w + 4ik?) h(k) + iHka (k),
(3.19) U (k,w) =ik (%kl - ’y) h(k) + iwi (k)
with

. +00
(3.20) h{k) :/ B (z,0)exp(—ikz) dz
and

+oc

(3.21) (k) ::/ u'(x,0) exp (—ikz)dx

being the Fourier transforms of the initial conditions.

The asymptotic behaviour of the disturbances for ¢ — +oo is studied along a trajectory defined in the (z,t)
plane as z = Ut, in which U is an appropriate velocity. If the Doppler-shifted frequency is introduced as
! = w - Uk, (3.6) and (3.16) give, respectively,

1/2
(3.22) Q12(k) = —Uk — 2ik* + B (H - 8)k* — yHEK?
and
1 [ [ &k, Q4+ Uk)exp (—iQt)
3.23 R'(Ut,t) = — ’ _
(3-23) Utt) = 2 /_OO /C D a+uky Dk
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If the integration with respect to £2 is performed first, (3.23) gives for # > 0

(3.24) WUt ) = -

2T

e Z Pk, Qp(k) + Uk] exp [—i82,(k)1] "
dk.,

J < A D [k (k) + UK

in which D_.(k,w) is the w-derivative of the dispersion relation (3.6).
The origin of the complex k plane is a double branch point of the frequency, for which Im[€2q2(0)] = 0.
In addition, two other branch points occur at

om |\ 12
(3.25) K, = i( kil ) :

H -8

which are either real or complex conjugates. At the branch points, the denominators of both terms in (3.24)
are zero, yet the singularities neutralize each other. Thus, the terms can be investigated independently only if
the integration contours pass distantly from the branch points.

If the integration contour for each term can be continuously deformed from the real & axis to a curve such that
Im[€2, (k)] < 0 and if zero values are reached at isolated points, then A’ (Ut.t) — 0 as t — +oc. The obstacles
to the deformation are saddle points &° that are zeros of the group velocity

asy,
— (kM) = 0.
dk (k)

In addition, the so-called “pinching requirement” must be satisfied, i.e. the corresponding branch points on the
complex € plane must connect two branches of the wavenumber which have opposite signs of Lm([k(2)] for
large Im(£2) > O (e.g. Akhiezer and Polovin, 1971). In many cases, the proper saddle points can be chosen from
the geometric consideration of the contour plots of Im[€2,(k)] in the complex k plane. In the general case, a
special mapping procedure can be utilized (Kupfer ef al., 1987).

(3.26)

Because of symmetry, it is sufficient to consider only U > 0, Re(k) > 0, and the "unstable” temporal branch
Q1(k). Equations (3.22) and (3.26) yield six saddle points. Two of them form a double saddle point at the
origin, the others are solutions of the following fourth-order polynomial equation:

4U U? vH \ ,,  8ily U? +~vH
3.27 K- — k- 2—— ) k* ~k = 0.
327) <2H+ Ha?%) st TH 3

The correspond branch points are

k(20U — HK”) +~+H
b 5
. =—k"{U .
(3-28) {2 ( + U + 4ik>
If U > 0, one has Re(k) > 0 only for two of the solutions of (3.27). For U = 0, they are
, 1/2
P |
G-29) b= (m/z Tovz)

the corresponding branch points are

ivH
(3.30) O = i _
V2(2V/2 + HY?)

Note that k5 = ko is given by (3.12). Two topologically different cases occur.
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Fig. 1. ~ Contour plots of Im[$2, (k)] fory =025 andfor @ H=4, U =09 b)) H=4,U=08 () H=16U=3(d H=16U =2
The solid, dashed, and bold lines and for positive, negative, and zero values, respectively. The branch cuts are shown by the hatched lines.

If H > 8, both branch points Q’:’t connect two spatial branches that originate from opposite halves of the
complex £ plane. However, between two corresponding saddle points, only k3 belongs to the unstable branch
of the frequency € (k), as shown in Figure 1(a, b). Thus, one always has Im(02" ) < 0.

If H < 8, the saddle point £? is located close to the positive half of the imaginary & axis, and the branch
point ° connects two spatial branches that originate from the same upper half-plane. Therefore, the saddle
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point £ has not to be taken into account, and the asymptotic behaviour of the disturbance is determined
completely by the saddle point £3, as shown in Figure 1(c, d).

The loci of k3 (U) in the complex k plane are displayed in Figure 2. Since Re (k3 ) remains finite, the
integration in (3.24) can be truncated for large &, which validates the compatibility with the long-wave approach.

The growth rate of the disturbance along the ray » = Uf is

e T [O!
(3.31) Gans(U) = Im[Q) (1))
Im( k)
0.3
6 10
4 16
024
H=1
0.1 4
0.0 . , \ :
0.0 0.2 0.4 Re( k)
Fig. 2. — Loci of the saddle point k‘i(U) as U increases from zero to Uy, .y for v = 0.25 and different values of the undisturbed film thickness.

In the frame of reference moving with the speed U, it corresponds to the "absolute growth rate” (e.g. Huerre
and Monkewitz, 1990). One has

(3.32) max [Gabs(U)] = Gans (0) = Go
that is the temporal growth rate given by (3.11). The disturbance decays in time along any ray = Ut such that

(3.33) U > Unax (v, H),

which gives the speed of the disturbance edges.
The method of steepest descent applied to (3.24) gives the following estimate as ¢ — +oc:

(3.34) W (UL, t) ~ a(U)™ Y2 exp [—iQ4 (D)1,
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in which

i @ (k,0%) PO T
. - oAk
(3.35) o= —exp ( 1 ) DLk, QL +Uky) | dk? (k%)

The estimate given by (3.34) is valid only if time is sufficiently large. Due to (3.32), one then has

(3.36) max[[K'(Ut,6)]) = [ (0. 8)] = |a(0)|t™"/2 exp(Got).
in which ¢ is a parameter. From (3.13) and (3.36), the film life time can be estimated as

_ W_i(=8la*H*Gy)

(3.37) T= 2Gq :

379

in which W_q is the Lambert function (Corless et al., 1996). Tpe life time given by (3.37) is larger than
that obtained from the temporal theory, Eq. (3.15). Actually, if |h| ~ |a(0)|, (3.36) differs from (3.14) only

by the factor t~1/2.

Numerical studies by Sharma et al. (1995) based on the non-linear evolution of disturbances have shown
that disturbances grow explosively at later stages. Thus, the linear theory always overestimates the film lifetime

(Figs. 5-8, p. 1839 of Sharma et al., 1995).

3.3. EXAMPLE

If the disjoining pressure is related to the potential of van der Waals forces, the following dimensionless

form can be used

(3.38) ‘ II(h) = —Ah™3,

in which the dimensionless constant A > 0 is proportional to the Hamaker constant. Equation (3.4) gives

(3.39) v=3AH*

Then, the interval of “unstable” wavenumbers is

(3.40) 0<k< (64)V2H2

the most amplified wavenumber is

SAH™/? 12
HY?2 +2./2 ’

(3.41) ko = (

and the maximum temporal growth rate is

3AH3
3.42 Gy = .
(:42) " 222+ HI?)
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Gabs

0.02

0.00

T
0.0 0.2 U

Fig. 3. — Growth rates of disturbances along the rays &= = Ut for different values of the undisturbed film thickness.

Umax

0.5 1

0.0 : :
0.0 20 H

Fig. 4. — Speed of the edges of a localized disturbance vs. thickness of the undisturbed film.

To demonstrate qualitatively how the absolute growth rate G',;,({/) and the spreading speed of the disturbance
Uniax vary with H, one can assign any value to A. For example, setting A = 1/3 entails no loss of generality.
The results are presented in Figures 3 and 4. Thus, both G 1,,(U) and /.« increase as H decreases.
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4. Conclusions and discussion

Spatio-temporal stability analysis of a free ultra-thin film of viscous liquid shows that even in the
linear approximation, the long-range intermolecular forces strongly affect the evolution of initially localized
disturbances. The analysis is based on the linearization of the long-wave evolution equations of Erneux and
Davis (1993), which are rewritten in an equivalent form that utilizes the disjoining pressure.

The present approach is based on the analysis of the asymptotic behaviour of the wave packet solution to the
initial value problem. It is more general and, perhaps, more realistic than the normal mode stability analysis.
A negative disjoining pressure that is caused by van der Waals attraction strongly promotes instability. Thus,
as the thickness of the undisturbed film decreases, both the absolute growth rate and speed of spreading of
disturbances increase.

The estimated time of the film rupture is larger than that found from linear temporal stability analysis. As
noted by Sharma et al. (1995), linear theory always overestimates the film life time. This overestimation is
mostly due to the explosive non-linear growth of disturbances at later stages of evolution. However, close to
the onset of rupture, the film is too thin to be described adequately even by a non-linear continnum theory.
A completely alternative approach is based on kinetic theory (e.g. Koplik and Banaver, 1993). However, it
typically requires extensive numerical computations.
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APPENDIX

Derivation of the basic equations

In this appendix, a pair of equations for the film thickness and velocity is derived asymptotically from
the Navier-Stokes equations. Although the final form of these equations is similar to that obtained by ED,
the derivation procedure is not completely the same. First of all, the assumption of symmetric disturbances
appears to be not necessary a priori, since this restriction is obtained automatically to within the leading order
approximation. In addition, the disjoining pressure is used instead of the van der Waals potential.

In the scaled dimensionless variables given by (2.3) and (2.4), the continuity equation and navier-Stokes
equations take the form

ou O
(A1) o+ 5;3 =0,

(A2) A T

(A3) sy =P
A v
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At the film surfaces y = ¢* (x,t), the kinematic condition requires that

S S

A4 v= U—F—
(A4 : ot o or
and the tangential and normal stress balances give, respectively,

ou v Pl 5 OCE Ou
AS el - g2 Y
(A-2) (ay te d:r) [1 g (m ) } 1 o o
and

ou L(OCENT] ot dv

A6 —p =20 — |1 - = 2
(A.0) P E{&U[ E(E)m) +d:L <0y+ dx }X

a2 A4 o4 —3/2
(Y] e 98 ()T

in which h = (T — (™ is the film thickness, and TI(h) is the disjoining pressure that is made dimensionless
by pVE.
If the following series expansions are applied

X
(A7) {uv,p b, (5} = e fuj 0.k, G
1=0 ‘
(A.1) and (A.2) yield
dug Oy
A. — + —= =10,
(A-8) ox * dy '
Puy
A. — = 0.
(A9) -

The boundary conditions (A.4) and (A.5) give at y = Coi

_0G O
(AlO) vy = W + UO—%,
Ougy
(A11) S =0

Equation (A.9) together with the boundary condition (A.11) lead to

(A.12) uy = U(](:E,t).

Hence, to order €”, the velocity profile is uniform across the film. The continuity equation (A.8) implies that
vy /0y? = 0. Then, (A.3) gives Opg/dy = 0. Therefore, to within the same approximation order, the pressure
1s also constant across the film.
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The continuity equation (A.8) integrated from y = (5 to y = {3’ together with the boundary conditions
(A.10) give Eq. (2.6).

To proceed further with the asymptotic analysis, one needs an additonal assumption about «.

If @ =0, (A.6) and (A.8) imply that

G PG 19k

(A.13)

oz? — 0x2 2 0x?’
B Oug 182hg
(A14) Po = —H(ho) - 2—;0—1;— - "2*57':—2“

Equation (A.13) indicates that only symmetric disturbances (squeezing modes) can be sudied in the leading
order approximation.

At second order in €, (A.3) yields
82u1 8u0 3u0 apo 82u0

(A-15) a2 ~ ot oz Y ar T e

and the boundary condition (A.5) together with (A.12) give at y = (f)b

dur _ 0G5 duy _ g

(A.16) Oy Oz 0z Oz

The continuity equation (A.8) differential with respect to x and integrated from y = (; to y = CJ' leads to:

ov
ox

9w
ox

_ &Py

(A.17) =—ha

y=¢t y=C

Equation (A.15) integrated from y = (; to y = C(T together with the boundary conditions (A.16), (A.14) and
(A.17) finally yield Eq. (2.7).
If @ > 0, Equations (A.11), (A.6) and (A.3) give straightforwardly py = —II(hg) and thus Eq. (2.8).
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